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“The determinant of this conjecture will be permanently famous...”
- Neeraj Kayal
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General formulas ~ Q(n?) [Kalorkoti-85]
Depth-2 circuits ~ 28(nlogn) (Triviall)
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Depth-3 circuits

Depth-3 circuits ~ 2(") [Grigoriev-Karpinski-98]
over finite fields
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Known lower bounds (before 2012)

Model Lower bound

Multilinear nfSilogn) [Raz-09]
formula

Constant depth, 2t/ [Raz-Yehudayoff-09]
multilinear formula

Monotone 28U (n) [Jerrum-Snir-82]
Circuits

Summary: No lower bounds known beyond depth-3, unless other
restrictions are imposed.
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Theorem ([ Valiant-Skyum-Berkowitz-Rackoff-83])

Arithmetic circuits Log?-depth circuits

of poly(n,d) size of poly(n,d) size

VP = VUNC?
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Squashing it further

Theorem (| [Agrawal»VinanyS, Koiran-12, Tavenas-13])

Arithmetic circuits Depth-4 circuits

poly(n, d) size of nPVd) size

Is a similar depth-reduction possible to depth-3?
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But...

Lower bound Restriction
22(") for Det,, depth-3 circuits reduction must be
(Grigoriev-Karpinski)  over finite fields field dependent
must compute high-degree
intermediate polynomials,
252(") for Det,, homogeneous and cleverly cancel
(Nisan-Wigderson)  depth-3 circuits them in the end

No depth-3 circuit for determinant of size 2°(™) was known.
The permanent however has Ryser’s formula of size 2°(™),

perm, = 3" (S

Seln] i=1jes
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.. its true!

Theorem ([Gupta-K -Kayal-Saptharishi])

Arithmetic circuits Depth-3 circuits

over Q
_—

poly(n, d) size of nOVd) gize

Corollary

A depth-3 circuit for Det, of size d°VD over Q.

Note: Resulting depth-3 circuit is heavily non-homogeneous, with

degrees going up to nOWd),
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Where did X A\ N\ X come from?

general ircut 1AVO8), K02} (Tavis) - 2 4
of size n©) ! .
circuits

¢ = Z Qi1 Qiz - Qg
=1

where, deg(Qij) < \/&
A possibly simpler circuit,

S

C’simpler = Z Q;/E

=1

vd__Vd vd_ Vd
Turnsout: Y>> A DY [] isaspowerfulas > J[>_ ]I
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Step 1: XIIXIT — XAXII
[Fischerl:

d
d!- 2d_1 . (.921:62 B ~£I}d) = Z (—1)‘5‘ (Z €Ty — Z.%'J)

SCla\{1} igs Jjes
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Vi_vi__ o,
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Step 2: TATAY — SIS

T = (61/3+-~+£;/3>\/3

Lemma ([Saxena])
There exists univariate polynomials f;;’s of degree at most d such that

sd+1

(@14 +z)” = D falwr) fialw) - fis(zs)

i=1
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Note that f;; () is a univariate polynomial that can be factorized over C:

d
fie;) =TI =G

k=1
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Step 2: TATAY — SIS

o= (i)Y
(8 YY)
)\/3 = pogsjd)fil (Q/a)'fﬂ (@g)'“fis (5;/3)
ponZs,d)

_ Z fin(01) - fia(to) -+ fis(Ly)

poly(s,d) s d
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Step 2: TATAY — SIS

T = (61/3+-~+£;/3>\/3
Vi)Y IR vy (Y (v
(&% + -+ ) S fa (87) o (87) - g (£7)
poly(s,d)

- Z Ji(6r) - fia(£2) - fis(ts)

poly sd) s

= 2; Hlj — Gijk)

... a X1IX circuit of poly(s, d) size and degree sd.
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Putting it together

i vd __ d
[AV08], [Koi12], [Tav1?:] ST 1T hom. circuit

of size nO(Vd)

|

general hom. circuit
of size n0M) i

_— vd _ Vd
> 11> non-hom. circuits STA YA S hom. circuits

of size nO(Vd) of size OV

Question: Where should one try to prove lower bounds?
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Suffices to show this:
Find an explicit f(z1, ..., zy) such that if

Fry, . ) = QY+ ..+ QY
Vd foralli

IN

where  deg Q;

then s = n“’(‘/a).

How hard can this be I?

Thank you!



